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The U → +∞ one-dimensional Hubbard model in an electric field has be exactly solved, with an
emphasis on the charge current. It is found that undamped Bloch oscillations extensively exist in
the system. Such conclusion has also been discussed for more general cases and we find that it is
closely related to the temporal periodicity of the model Hamiltonian in electric field, rather than
to the integrability of the model. As a comparison, we have also studied a model of electrons with
δ-function interactions in continuous space, which is closely related to the Hubbard model, but is
non-integrable; and we find that the charge current strangely shows a dissipationless behaior which
is comparable with the undamped Bloch oscillations.
PACS numbers: 71.10.Fd, 05.60.Gg
I. INTRODUCTION
Though one-dimensional (1D) Hubbard model can be
exactly solved with Bethe ansatz [1, 2], the discussion of
its response to electric field does not benefit much from
this. In the simplest treatment, the electric field can
be introduced to the model via a time-dependent Peierls
phase factor [3, 4], even though, an exact addressing of
the response behavior of the system generally is still im-
possible.
To the level of linear response, many studies have con-
cluded that 1D Hubbard model shows ideal conductance
[5–8]; and such behavior is closely related to the inte-
grability of the model, which always results in a nonzero
Drude weight in cases away from half filling.
While to the level of nonlinear response, less is known
about this model. Generally, it is believed that the inte-
grability of a model still plays an important role [9, 10] in
a nonlinear response: for integrable models, the charge
current can resemble the Bloch oscillations as in the non-
interacting case; however, the appearance of electric field
may break integrability of the model itself, resulting in a
damped current oscillation.
Actually, as for Hubbard model, Eckstein and Werner
[11], using dynamical mean-field theory, have shown nu-
merically that, different values of the on-site Coulomb
repulsion U of electrons can lead to different damped-
oscillating behaviors of charge current. And the oscil-
lating feature would even disappear if U exceeds some
critical value. It seems that the damping of Bloch oscil-
lations is inevitable in the presence of on-site U . Such
picture has been further supported by Mandt [12] via a
variational solution of the Boltzmann equation for the
Hubbard model.
Nevertheless, since the exact solution of the Hubbard
model in electric field is lack even in the 1D case, it is still
an open problem that how the model responses an electric
field nonlinearly. However, we find that 1D Hubbard
∗Electronic address: zhengyongsc@sina.com
model in the U → +∞ limit provides a good platform
to address this question. We will show that in such case,
using a method of unitary transformation, the model is
still solvable when the electric field appearing.
We will show that the behavior of charge current in-
deed can resemble Bloch oscillations, but such behavior is
closely related to the temporal periodicity of the Hamil-
tonian in electric field, rather than to the integrability of
the model. And this conclusion can be extended to more
general models and cases.
Especially, to see more about the effect of integra-
bility and correlation interactions on the response of a
system to electric field, we will show in the appendix a
non-integrable model of electrons with δ-function interac-
tions, of which, however, the conductivity can be exactly
determined.
II. MODEL AND TRANSFORMATION
We consider an N -electron system on a periodic ring
with L sites, and we can treat the constant electric field
as the temporal derivative of a time-dependent vector
potential along the ring, E = −1/cAt(t) or A(t) = −cEt.
The model Hamiltonian then can be written as
H = −t0
∑
j,σ
[ei
e
~c
A(t)C†jσCj+1σ +H.c.] + U
∑
j
nj↑nj↓,
(1)
where C†jσ (Cjσ) is the creation (annihilation) operator
of electron at site j and spin σ =↑ or ↓. And njσ stands
for the particle number operator as usual. We use the
periodic boundary condition C†j+Lσ = C
†
jσ and Cj+Lσ =
Cjσ . For simplicity, we set the lattice constant a = 1.
In the limit U → +∞, which we are interested in,
the double occupation of a site by ↑ and ↓ electrons is
prohibited, and the Hamiltonian is formally reduced to
H = −t0
∑
j,σ
[ei
e
~c
A(t)Cˆ†jσCˆj+1σ +H.c.], (2)
where Cˆ†jσ = (1 − njσ¯)C†jσ and Cˆjσ = (1 − njσ¯)Cjσ
as usual. Then, we can concentrate our discussion
2in the subspace without double occupations. And
the basis states involved can be written in the form
|j,σ〉 = C†j1σ1C
†
j2σ2
· · ·C†jNσN |0〉 ≡ |j1σ1, j2σ2, · · · jNσN 〉,
in which N electrons with spins σ1, σ2, · · · , σN occupy
sites j1, j2, · · · , jN respectively, where 1 ≤ j1 < j2 <
· · · < jN ≤ L, to guarantee that no double occupation
occurs. And the charge current operator [4, 13] can be
written as
ĵ = −c∂H
∂A
. (3)
Without electric field, the wave function of 1D U →
+∞ Hubbard model has a spin-charge separated form, as
is well-known [2]. However, when electric field appearing,
our problem becomes a time-dependent one, and still re-
quires a careful discussing.
As has be noted previously [14], all the terms in Eq. (2),
except the ones with Cˆ†LσCˆ1σ or Cˆ
†
1σCˆLσ, when acting
on a state, can only change the sites of the N electrons,
without any alteration in the spin sequence; that is, they
can only change a state |j1σ1, j2σ2, · · · jNσN 〉 to some-
thing like |j′1σ1, j′2σ2, · · · j′NσN 〉. Actually, without elec-
tric filed, basing on this point, the U → +∞ Hubbard
model can be mapped to a set of Hamiltonians of spin-
less fermions, and can be exactly solved [14, 15]. Here, we
also base our discussion on this point, but use a method
of unitary transformation.
Firstly, we introduce a new kind of basis states, in
which the spin and charge are completely independent,
|j〉
⊗
|σ〉 = |j1, j2, · · · jN 〉
⊗
|σ1σ2 · · ·σN 〉, (4)
where |j〉 = |j1, j2, · · · jN 〉 denotes a state that N spinless
but charged fermions occupy sites j1, j2, · · · , jN , and it
is required that 1 ≤ j1 < j2 < · · · < jN ≤ L, as before;
by introducing the j-site creation (annihilation) opera-
tor f †j (fj) of these fermions, such state can be expressed
as |j〉 = f †j1f
†
j2
· · · f †jN |0〉. And |σ〉 = |σ1σ2 · · ·σN 〉 is the
configuration of N sequenced spins. Obviously, the di-
rect product states defined by Eq. (4) have a one-to-one
correspondence with |j,σ〉. We can introduce a transfor-
mation
T =
∑
j,σ
|j〉
⊗
|σ〉〈j,σ|, (5)
of which the unitary characteristic T †T = 1 can be eas-
ily verified. Then, we have T |j,σ〉 = |j〉⊗ |σ〉. Under
such transformation, the form of all the terms in Eq. (2),
except the ones with Cˆ†LσCˆ1σ and Cˆ
†
1σCˆLσ, can be easily
obtained. For j 6= N ,
∑
σ
Cˆ†jσCˆj+1σ → T
∑
σ
Cˆ†jσCˆj+1σT
†
=
∑′
ji
|˜ji〉〈ji|
⊗∑
σ
|σ〉〈σ| ≡ f †j fj+1I,
where |ji〉 is a state with site j empty and site j + 1
occupied by a spinless fermion. And |˜ji〉 is same to |ji〉,
except with site j + 1 empty and site j occupied. “Σ′”
represents a sum over these states, covering all the cases
in which a spinless fermion hops from site j+1 to site j.
With the creation and annihilation operators of spinless
fermions, such sum can be rewritten as f †j fj+1 [16]. And
the spin part, due to the unchanged sequence of spins,
is equivalent to a unit operator of spin configurations,
which we have denoted by I.
While for Cˆ†LσCˆ1σ or Cˆ
†
1σCˆLσ, since when acting on
a basis, they will give a cyclic permutation of the spin
configuration to the left or right respectively, we have
∑
σ
Cˆ†LσCˆ1σ → T
∑
σ
Cˆ†LσCˆ1σT
†
= f †Lf1
∑
σ
|˜σ〉〈σ| ≡ f †Lf1P,
and ∑
σ
Cˆ†1σCˆLσ → T
∑
σ
Cˆ†1σCˆLσT
† = f †1fLP
−1,
where |˜σ〉 represents a spin configuration obtained via a
left cyclic permutation of |σ〉, that is, if we take |σ〉 =
|σ1σ2 · · ·σN 〉, then |˜σ〉 = |σ2 · · ·σNσ1〉. And the sum
over all these configurations can be replaced by the left or
right cyclic permutation operator, which we have denoted
by P and P−1 respectively.
Then the final form of the Hamiltonian after the uni-
tary transformation (5) is
H˜ = −t0
L−1∑
j=1
[
eiθ(t)f †j fj+1I +H.c.
]
− t0eiθ(t)f †Lf1P − t0e−iθ(t)f †1fLP−1, (6)
where θ(t) = eA(t)/(~c) = −eEt/~. We will find that
our discussion can be substantially reduced with such
new form of Hamiltonian.
And noting that T is independent of t or A(t), the
charge current operator under this transformation be-
comes
j˜ = −cT ∂H
∂A
T † = −c∂H˜
∂A
. (7)
III. SOLUTIONS
In Eq. (6), the spin-part operators P , P−1 and I do
not cause any trouble for our discussion, since they com-
mute with each other and the eigenstate can be obtained
easily. For any spin configuration |σs1〉 = |σ1σ2 · · ·σN 〉,
we introduce |σs2〉 = P |σs1〉, |σs3〉 = P |σs2〉 = P 2|σs1〉,
· · · , till some integer ms ≤ N , for which the resulted
state repeats |σs1〉 for the first time, namely, |σsms+1〉 =
3Pms |σs1〉 = |σs1〉. Obviously, ms is directly related to
the detailed form of |σs1〉. These configurations form a
subset as
s = {|σs1〉, |σs2〉, · · · , |σsms 〉}, (8)
from which ms eigenstates of P or P
−1 can be obtained
as follows,
|χks〉 = 1/
√
ms[exp(iks)|σs1〉+ exp(i2ks)|σs2 〉
+ · · ·+ exp(imsks)|σsms 〉], (9)
where ks = 2πm/ms, and m = 0, 1, 2, · · · ,ms − 1.
We have P |χks〉 = exp(iks)|χks〉, P−1|χks〉 =
exp(−iks)|χks〉. Furthermore, we obtain the
representation P =
∑
s
∑
ks
exp(iks)|χks〉〈χks |,
P−1 =
∑
s
∑
ks
exp(−iks)|χks〉〈χks | and I =∑
s
∑
ks
|χks〉〈χks |, where “
∑
s” is a sum over all
the possible subsets. Then, the Hamiltonian (6) is
reduced to
H˜ =
∑
s
∑
ks
[
−t0eiθ(t)
( L−1∑
j=1
f †j fj+1+f
†
Lf1e
iks
)
+H.c.
]
⊗
(|χks〉〈χks |), (10)
which is already in a diagonal form now as far as the spin
part is concerned. What we need to do next is just to
diagonalize the spinless-fermion part inside “[ ]”, which
we can denote by hs, associating with each |χks〉. Intro-
ducing h0 = −t0eiθ(t)(
∑L−1
j=1 f
†
j fj+1 + f
†
Lf1e
iks) to write
hs = h0+h
†
0, and noting [h0, h
†
0] = 0, we find that both h0
and h†0, and hence hs, can be written in a diagonalized
form simultaneously. To do this, we assume a form of
instantaneous eigenstates for h0 as |ϕ〉 =
∑L
j=1 ajf
†
j |0〉.
Letting h0|ϕ〉 = a|ϕ〉 yields
− t0eiθ(t)aj+1 = aaj , j 6= N, (11)
and
− t0eiθ(t) exp(iks)a1 = aaN . (12)
From Eq. (11),
aN =
a
−t0eiθ(t)
aN−1 = · · · = ( a−t0eiθ(t)
)N−1a1,
combining which with Eq. (12) yields a = aq ≡
−t0eiθ(t) exp(iq), where
q = ks/L+ 2nπ/L, n = 0, 1, 2, · · · , L− 1. (13)
For each q, repeatedly using (11) to determine the co-
efficient aj , we finally obtain an eigenstate which can
be normalized as |ϕq〉 = 1√
L
∑L
j=1 exp(iqrj)|j〉 = f †q |0〉,
where
f †q =
1√
L
L∑
j=1
exp(iqrj)f
†
j . (14)
It can be verified that h†0|ϕq〉 = a∗q |ϕq〉, and then
h|ϕq〉 = (aq + a∗q)|ϕq〉 = εq(t)|ϕq〉, with
ǫq(t) = −2t0 cos [q + θ(t)] . (15)
Further, we can write hs as hs =
∑
q ǫq(t)|ϕq〉〈ϕq| or
in an operator form
hs =
∑
q
ǫq(t)f
†
q fq. (16)
And using Eq. (14), it can be verified that f †q or fq is
still a Fermi operator. The eigenstate of h for N spinless
fermions at each time t, can be written as
|q〉 ≡ f †q1f †q2 · · · f †qN |0〉, (17)
where we have used an N -dimensional vector q =
(q1, q2, · · · , qN ) to simplify the formulation. Due to the
anticommuting property of f †q ’s, q1 6= q2 6= · · · 6= qN .
Then the N -electron eigenstate of H˜ at time t can be
written as
|Ψqs〉 = |q〉
⊗
|χks〉, (18)
with a instantaneous eigenvalue
Eq(t) = ǫq1(t) + ǫq2(t) + · · ·+ ǫqN (t). (19)
The most important thing is that, though H˜ and the
instantaneous eigenvalue Eq(t) both depend on time, the
eigenstate |Ψqs〉 is independent of time. This permits
us an exact study of the time evolving behavior of the
system. Since any initial state of the system can be
represented by the instantaneous eigenstates at the ini-
tial time, we only focus on the case in which the ini-
tial state is an instantaneous eigenstate of the system.
Namely, we assume that at t = 0, the state of the sys-
tem, |Ψ(0)〉 = |Ψqs〉. Since |Ψqs〉 is still an instanta-
neous eigenstate of H˜ at any time latter, the evolving
state |Ψ(t)〉 differs from |Ψ(0)〉 only by a time-dependent
factor and can be determined via
i~
∂
∂t
|Ψ(t)〉 = H˜ |Ψ(t)〉 = Eq(t)|Ψ(t)〉,
following from which,
|Ψ(t)〉 = exp
[−i
~
∫ t
0
Eq(t)dt
]
|Ψqs〉. (20)
With these time evolution states, we can make a de-
tailed discussion about the time dependent properties of
the system.
Obviously, we can also apply our solving strategy to
other similar models in the 1D case, such as the strong-
coupling t-V model [17] and SU(N) model of impenetra-
ble fermions [18], to study the time evolution of states in
electric field.
4IV. RESULTS AND DISCUSSIONS
The charge current, which we are most interested in,
is
j(t) = 〈Ψ(t)|˜j|Ψ(t)〉 = −c〈Ψ(t)|∂H˜
∂A
|Ψ(t)〉
= −c ∂
∂A
〈Ψ(t)|H˜ |Ψ(t)〉 = −c∂Eq(t)
∂A
, (21)
where we have used the fact that ∂
∂A
〈Ψ(t)|Ψ(t)〉 = 0.
Using Eq. (21), we can in principle calculate the charge
current at any time t for any given initial instantaneous
eigenstate of the system. Noting Eqs. (15) and (19), we
have
j(t) = B1 cos
( e
~
Et
)
−B2 sin
( e
~
Et
)
, (22)
where
B1 =
2t0e
~
N∑
m=1
sin qm; B2 =
2t0e
~
N∑
m=1
cos qm.
For the half-filling case, N = L, one can find that both
B1 and B2 are 0, due to the complete cancellation in the
sum, and hence j(t) = 0.
However, away from half-filling, nonzero B1 and B2
will lead to a nonzero j(t), which oscillates with a phase
frequency ω = eE/~ and amplitude
√
B21 +B
2
2 , the so-
called Bloch oscillation. The Bloch oscillation now, sim-
ilar to that in the noninteracting case, is an undamped
one, in spit of the infinity on-site interaction U .
The surviving Bloch oscillations under strongly corre-
lated interactions is interesting. As we have mentioned,
there have already existed some discussions about the
issue that electrons in strong correlated systems could
show dissipationless transport behaviors in the linear re-
sponse level [5–8]. Our result is simple but obviously
beyond the linear level, and can be viewed as a lively
example when discussing the conductivity of Hubbard
model.
An important question is that whether such result is a
special one only in the 1D U → +∞ case. It is interesting
to find more examples.
A. Example for Bloch oscillations in finite U cases
We want to show that undamped Bloch oscillations can
still exist in finite U cases. An exact discussion of this
question in general sense seems impossible. However, we
find that there do exist undamped Bloch oscillations for a
finite U . A simple example is given via an analysis of the
current response of the special eigenstates constructed by
Yang and Zhang [19] for the Hubbard model. The oper-
ator used, ζ† = ΣLm=1C
†
m↑Cm↓, which is found to be an
eigen-operator of the Hamiltonian (1), for any magnitude
of U , satisfies
[ζ†, H ] = 0. (23)
The operator ζ†, when acting on a state, only trans-
forms one of the spin ↓ electrons in the system to a spin ↑
one. It should be noted that if all the N electrons in the
system are spin ↓ ones, the on-site U will play no role.
And then, the time-evolution states are just the same as
that in the noninteracting case, and would show the same
Bloch oscillations. We can introduce a state of this kind
and denote it by |Ψ0(t)〉. Then, due to Eq. (23), the state
|Ψm(t)〉 = (ζ†)m|Ψ0(t)〉 (m ≤ N) is also a time-evolution
state of Hamiltonian (1), but belongs to a system with m
spin ↑ electrons and N −m spin ↓ electrons. Since act-
ing of ζ†’s on |Ψ0(t)〉 only changes the spin of electrons
from ↓ to ↑, the characteristic of Bloch oscillations keeps.
That is, time-evolution states of this kind do show un-
damped Bloch oscillations as that in the noninteracting
case, completely disregarding the on-site U in the Hub-
bard model. Obviously, such result is also applicable to
the two- or three-dimensional (2D or 3D) case.
It should be noted that the number of eigenstates gen-
erated with the ζ† operator is directly related to the
particle number N and the total site number L in the
system, and is in a scale of CNL , which generally is very
large. Hence, the existence of undamped Bloch oscilla-
tions is extensive for Hubbard model and one should be
cautious of their roles when discussing the conductance
of the system.
B. More general cases
At first glance, the undamped Bloch oscillations we
obtained are directly related to the integrability of the
model. It seems that such result is hard to be extended
to more general cases, since it has been proposed that
breaking of integrability would lead to damping of the
charge current [9]. However, we want to show that the
role the temporal periodicity of the model Hamiltonian
playing in electric field is more important.
In an constant electric field E, when Peierls substitu-
tion [3] is adopted, the Hamiltonian and charge current
operator for Hubbard model or other similar ones, such
as t− V and t − V −W models [9], are always periodic
in time,
H(t+ τ) = H(t),
ĵ(t+ τ) = ĵ(t) ≡ −c∂H(t)
∂A
=
1
E
∂H(t)
∂t
,
where the period τ is directly related to the electric
field, e.g., for 1D Hubbard model shown in Eq. (1),
τ = 2π~/(eE) . And A(t) = −cEt as usual.
The evolution of states determined by such periodic
Hamiltonian has been extensively studied (see, e.g.,
Refs. [20–22]). Due to such periodicity, the evolution
5operator U(t, ti) satisfies U(t + τ, ti + τ) = U(t, ti), and
we have
U(t, 0) = U(t, nτ) · · ·U(2τ, τ)U(τ, 0) = U(t−, 0)Un(τ, 0),
where t− ≡ t− nτ ∈ [0, τ ].
Further, we can introduce the eigenstates and eigen-
values of U(τ, 0). Since U(τ, 0) is a unitary operator,
U(τ, 0)†U(τ, 0) = 1, the modulus of its eigenvalues must
be 1. For each eigenstate |m〉, the corresponding eigen-
value must be in the form of exp(iφm). Namely, we have
U(τ, 0)|m〉 = exp(iφm)|m〉.
Obviously, these eigenstates as a whole form a com-
plete set of states for the system.
The time evolution of each |m〉 is given by
|m(t)〉 = U(t, 0)|m〉. (24)
Then we have
|m(t+ τ)〉 = U(t+ τ, τ)U(τ, 0)|m〉 = exp(iφm)|m(t)〉.
The instantaneous energy and charge current for these
states satisfy
Em(t+ τ) = 〈m(t+ τ)|H(t + τ)|m(t + τ)〉 = Em(t),
jm(t+ τ) = 〈m(t+ τ)|̂j(t+ τ)|m(t + τ)〉 = jm(t),
namely, both are periodic in time. Then the charge cur-
rent must be a constant or keep oscillating with a period
τ . However, noting that
∂Em(t)
∂t
=
∂
∂t
〈m(t)|H(t)|m(t)〉 = Ejm(t),
we find that, to guarantee the periodicity of Em(t), the
current jm(t) can not be or approach a nonzero constant.
Additionally, the average of jm(t) over a period gives
j¯m =
1
τ
∫ t+τ
t
jm(t) = − 1
Eτ
∫ t+τ
t
∂Em(t)
∂t
= 0,
namely, the oscillating of charge current must be an up-
and-down one about zero.
Hence, for such complete set of states, the charge cur-
rent, if nonzero, can only show an undamped oscillating
behavior, which is very similar to Bloch oscillations in
the noninteracting case.
Such conclusion is a general one, and has nothing to do
with the integrability or non-integrability of the model.
As for the 1D U → +∞ Hubbard model, one can easily
verify that the states shown in Eqs. (20) and (24) are the
same thing.
In the appendix, we consider a 2D model of electrons
with δ-function interactions in electric field, which can
be viewed as a version of Hubbard model in a continu-
ous space. Such model is obviously non-integrable in the
common sense. However, we find that the charge current
can be exactly determined as j(t) = j(0) + e
2
m
ENt, in
an undamped form disregarding the non-integrability of
the model. Such undamped behavior of charge current,
exceeds our expectation once again, but can be viewed as
a counterpart to the undamped Bloch oscillations of the
Hubbard model, since both survive with the correlation
interactions between electrons.
V. CONCLUSION
In conclusion, when an electric field appearing, the 1D
Hubbard model in the U → +∞ limit still can be exactly
solved. And undamped Bloch oscillations are found to
extensively exist not only in this case, but also in finite U
or higher-dimension cases, and hence can not be ignored
on discussing the conductivity of Hubbard model.
The origin of such undamped-oscillating behavior of
charge currents is mainly due to the temporal periodicity
of the Hamiltonian of a model in electric field, rather than
to the integrability of the model itself.
The undamped Bloch oscillations in Hubbard model,
and the dissipationless charge current in the δ-function-
interaction model as we shown in the appendix, both can
survive with the strongly correlated interactions between
electrons, calling for our more caution about the effect of
correlation interactions and the integrability of a model
on the conductivity of the system.
Additionally, the unitary-transformation method we
adopted can also be used to study the time-evolution
behavior of states in an electric field for other similar 1D
models such as the strong-coupling t-V model and SU(N)
model of impenetrable fermions.
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Appendix: Exact conductivity for a non-integrable
model
To seek more about the effect of integrability and cor-
relation interaction of electrons on the charge current of
the system, we now discuss with a δ-function interac-
tion model, which is not the Hubbard model but can be
viewed as a version of Hubbard model in a continuous
space. And we find that the behavior of charge currents
can be exactly discussed.
For non-integrability consideration, We study the 2D
case, namely, a system of electrons with δ-function inter-
actions in a torus; and one will find that the extension to
6other dimensions is straightforward. The Hamiltonian is
formally written as
H =
∑
kσ
P 2k
2m
C†kσCkσ
+ U
∑
k1,k2,q
C†k1+q↓C
†
k2−q↑Ck2↑Ck1↓
where k = (kx, ky) and Pk = [~kx + eA(t)/c, ~ky], i.e.,
the electric field is along the x direction, E = −1/cAt(t).
The involved charge current operator is
ĵx =
∑
kσ
~kx
2m
C†kσCkσ −
e2
mc
A(t)
∑
kσ
C†kσCkσ .
Then the charge current for an evolving state |Ψ(t)〉 is
j(t) = 〈Ψ(t)|̂jx|Ψ(t)〉,
and
dj(t)
dt
=
1
i~
〈Ψ(t)|[̂jx, H ]|Ψ(t)〉+〈Ψ(t)|∂ĵx
∂t
|Ψ(t)〉 = e
2
m
EN,
where we have used the fact that [̂jx, H ] = 0, and N is
the total number of electrons in the system. Then,
j(t) = j(0) +
e2
m
ENt,
where j(0) is the current at t = 0. Namely, a dissipation-
less charge current appears with the electric field. The
non-integrability of the model and interactions between
electrons do not lead to any damping. Our analysis can
be easily extended to other dimensions or cases with more
general particle-particle interactions.
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